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Gouriéroux and Monfort published their study on the properties 
of the estimators in the context of simulated maximum likelihood 
models (6). In particular, the consistency and the asymptotic nor-
mality of the estimators were derived analytically. General results 
for maximum likelihood estimators can also be found in Newey and 
McFadden (7). In practice, however, the number of observations is 
finite, as well as the number of draws used to estimate complex indi-
vidual probabilities, so that asymptotic results are only partly valid. 
Moreover, they require the estimated parameters to be unconstrained, 
and other tools have to be devised for constrained log likelihood (LL) 
estimation.

Recently, researchers in various fields [economics (5) and trans-
portation (8), for example] have tried to improve estimates derived 
from simulation-based models by exploiting simulation bias estima-
tors. Bastin and Cirillo explicitly estimated the simulation bias in 
mixed logit parameter estimation by using statistical Taylor expan-
sion and corrected the LL objective function during the maximization 
process (8). The method, developed in the context of Monte Carlo 
simulation, was able to significantly reduce the error on the final 
objective value but also on the optimal parameters. Kristensen and 
Salanie propose three methods to improve the properties of the 
approximate estimators (5). The first two methods correct the objec-
tive function so as to remove the leading term of the bias due to the 
approximation. The second bias correction is based on ideas from the 
resampling literature; the correction eliminates the leading bias term 
for nonstochastic as well as stochastic approximators. Finally, they 
propose an iterative procedure in which Newton–Raphson iterations 
are computed on a much finer degree of approximation. The Newton– 
Raphson step removes some or all of the additional bias and variance 
of the initial approximate estimator. The three methods were applied to 
a Monte Carlo simulation on a mixed logit model and gave noticeable 
improvements at a rather low computation cost. Although math-
ematically founded, these studies however cannot address another 
source of bias present in simulation-based estimation directly related 
to the optimization procedure and the finite number of Monte Carlo 
or quasi–Monte Carlo draws. Bastin and Cirillo observed that for a 
fixed population size, they are of opposite signs, so that the final effect 
of the correction procedure on parameters remains unclear (8). Sim-
ilarly, an optimization bias occurs as a result of the finite number 
of observations, which disappears only when this number rises to 
infinity. Because these various sources of errors are combined in a 
classical estimation procedure, it is difficult to guarantee the validity 
of asymptotic parameter estimators and to analytically quantify the 
properties of the final LL and estimators.

In this paper the use of resampling techniques to derive these 
properties is explored. In particular, bootstrap is used to examine 
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Econometric models based on simulations are used extensively in trans-
portation. Simulation methods provide only an approximation of the 
objective function and produce estimators that suffer from bias and loss 
in efficiency. Two types of bias are known to exist in simulation-based 
estimators: simulation bias, as a result of the nonlinear transformation 
in the log likelihood (LL) function, and optimization bias, caused by the 
maximization operator, which depends on the variance of the simulated 
LL with respect to the random draws and the population sample. In 
this paper, the properties of the estimators are studied with resampling  
techniques in various simulation configurations. In the experiments, 
optimization bias dominates simulation bias, and in the presence of panel 
data the use of some randomized quasi–Monte Carlo techniques aiming 
at reducing simulation variance only marginally affects the estimated 
parameters for a given sample size. Results also confirm that the popu-
lation resampling, though numerically costly, is a simple and effective 
procedure to deliver a better understanding of parameter properties.

Discrete choice models in nonclosed mathematical forms and 
solved with the use of simulations have been studied extensively by 
researchers in demand modeling and are gaining consensus among 
practitioners in transportation (1). In simulation-based inference,  
a function of the observables and the parameters is integrated over 
the underlying random space with the Monte Carlo (2) or quasi–
Monte Carlo techniques (3, 4). Although these estimation techniques 
are used extensively, little is known about the properties of the 
estimators obtained from simulations for a finite population sample. 
When the objective function is linear in the approximation error, then 
using approximations does not create bias, although it deteriorates 
the efficiency. In most of the other cases, the use of approximations 
also affects the accuracy of the approximate estimator; in other words, 
the approximation creates both bias and variance. Choosing a suffi-
ciently fine approximation can usually control those effects, but doing 
so comes at the cost of increased computation time, a cost that is not 
necessarily justified with respect to the number of observations (5).

Consistency and asymptotic normality of the estimators when the 
number of observations goes to infinity are well known: in 1993 
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global variance and bias of the optimal LL resulting from both 
optimization and simulation biases and the effect on the parameters. 
Parametric and nonparametric mixed logit are considered; these types 
of formulations are extensively used in transportation for their abil-
ity to recover taste heterogeneity and flexible substitution patterns. 
Also examined is the influence of using randomized quasi–Monte 
Carlo draws with lattice rules, as proposed in Munger et al., because 
their performance has been shown to be better than standard Halton  
(used by most transport modelers) and comparable with other tech-
niques such as Sobol sequences (4). The latter analysis aims at testing 
whether the quality of the estimators is affected by the particular 
simulation technique adopted to integrate the LL function. Simu-
lated and real data are used to validate the appropriateness of the 
proposed techniques. The transportation case, from which the data 
were extracted, refers to an airport accessibility study and on the 
willingness to pay for an automated car service.

The rest of this paper is organized as follows. The next section 
briefly introduces parametric and nonparametric mixed logit models. 
Resampling techniques for bias estimation are then summarized, 
followed by results from two simulated experiments on cross-sectional 
and panel data. Bias estimation techniques are then applied to a real 
case study. Conclusions and findings from the proposed analysis 
close the paper.

Mixed Logit ModeL

Mixed logit model is a quite general formulation for individual choices 
between discrete options. A set of N individuals is considered, each 
one having to choose one alternative within a finite set A(n). A utility 
Unj is associated to each alternative Aj in A(n), as perceived by individ-
ual n. When relying on econometric theory, it is also assumed that 
individuals aim to maximize their utility, but not all components are 
observed. Instead, the utility Unj is decomposed as the sum of a deter-
ministic part Vnj(β) (where β is a vector to estimate) and a random, 
unobserved part εnj. The probability choice is then

L P V V a A nnj nj nj na naβ β ε β ε( ) = ( ) + ≥ ( ) + ∀ ∈ ( ) 

where na represents individual n and available alternative a.
In the rest of this paper, only linear utilities will be considered 

(as is standard practice in the transportation field). The probability 
expression is of course dependent on the distribution choice for εnj. 
When the εnj’s are assumed to be independent and identically dis-
tributed as Gumbel’s among the individuals and alternatives, the 
traditional logit probability is obtained. In the mixed logit framework, 
the assumption that β is a constant vector is relaxed, but instead is 
a random vector with cumulative distribution function Fβ(β) so that 
the probability choice Lnj is now conditional on the realization β, 
and the unconditional probability is

P E L L dPnj nj nj= ( )  = ( ) ( )∫β ββ β β ( )1

where Eβ is the expectation with respect to the random vector β and 
Pβ is the probability measure associated with the random vector β; 
dP indicates that the integration occurs with respect to this measure.

Therefore β cannot be directly estimated, so it is assumed that 
it can be described as β = (Γ, θ), where Γ is some random vector  
[in practice, one can use an m-dimensional uniform U(0, 1)m] and 
θ is some constant parameter vector to estimate. In other words, 

one assumes some distribution family for β, parameterized by θ. If, 
moreover, the vector β is continuous, Equation 1 can be rewritten as

P L dnj njθ γ θ φ γ θ γ( ) = ( ) ( )∫ , ,

where ϕ(γ, θ) is the density of β and γ is the realization of the 
random vector Γ, introduced earlier. When the same individual can 
express several choices, for each individual the sequence of choices 
yn = (jn1, . . . , jnTn

) is observed, which are assumed to be correlated, 
and the data are qualified as panel data. A simple way to accommo-
date this situation is to assume heterogeneity on the population level 
only, and not on the individual level. The conditional probability to 
observe the individual’s choices is then given by the product of logit 
probabilities Lnjnt

, as expressed in Bastin et al., leading to (2)
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where Tn is the number of observations for individual n.
The parameters θ are estimated by maximizing the LL function
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There is, however, no closed form for probabilities (Equation 2), 
except in very specific cases. The probabilities therefore have to be 
approximated. A simple approach is to take a set of R realizations of γ, 
either in a purely random way or by selecting them with respect to 
some merit figure and averaging over these realizations:
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The first approach is called Monte Carlo sampling, and the second 
is referred to as quasi–Monte Carlo.

NoNparaMetric Mixed Logit

Mixed logit models based on nonparametric random coefficients 
allow the estimation of taste heterogeneity without imposing strong 
assumptions on the underlying distributions. The models are gradually 
replacing discrete treatments of the parameters, which could lead to 
arbitrary population segmentation and unbounded distributions that 
might cause unrealistic values for the parameters under consider-
ation. A nonparametric formulation based on B-splines is proposed 
here, and the components of the random vector are assumed to be 
independent. B-splines are known to provide a concise formulation 
for curves that are composed of many polynomial pieces, thereby 
automatically controlling the overall curve smoothness (4). This 
technique is often used in nonparametric regression (9).

Assuming that independence holds between the random compo-
nents of the mixed logit models, each component can be considered 
separately. If β is a univariate random distribution, a draw can be 
generated from the uniform distribution U[0, 1], and the inverse 
cumulative distribution function of β, defined as Fβ

−1, is applied to 
these draws:

S F U U Uβ β= ( ) [ ]{ }−1 0 1, ,∼
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One can capitalize on this approach by expressing the inverse 
cumulative distribution function as some element in a functional space:

F q hk k
k

β
−

=

∞

( ) = ( )∑1

1

i i

where {hk, k = 0, . . . , ∞} constitutes a basis of this space and the 
qk’s are the coordinates to estimate of the (cumulative) distribution 
function Fβ (if the basis cardinal is finite and equal to n, simply set 
hk and qk to 0, for k > n). If it is furthermore assumed that the random 
variable β has a bounded support, an elegant way to achieve such a 
balance is the use of B-spline functions. The bounded support assump-
tion is not too restrictive because extreme behaviors corresponding to 
values of β tending to plus or minus infinity are usually not welcome. 
Cubic B-splines will be considered here, and q1 ≤ q2 ≤ . . . will be 
required to ensure that F−1

β is monotonically increasing [see Munger 
et al. for more details (4)].

Bootstrap techNiques

The bias has been estimated by using the bootstrap resampling 
technique as described in chapter 10 of Efron and Tibshirani (10). 
For simplicity, only the standard procedure, described below, is con-
sidered here. The idea behind bootstrap is to estimate the unknown 
distribution of an estimator by sampling from the empirical distribu-
tion, or in other words, to draw with replacement N times from the 
original sample of size N. The procedure is then repeated m times. 
Variance can then be estimated as the variance over the m repetitions, 
and bootstrap can also be applied to estimate the bias of an estimator. 
Given the distribution FX, the bias of an estimator θ̂ = g(β) of an 
unknown quantity θ = t(Fβ) is given by

B E g X t FF F XX X

ˆ,θ θ( ) = ( ) − ( )[ ]
where

 EFX = expectation with respect to distribution FX;
 t(FX) =  an arbitrary quantity, function of the distribution F_X, that 

cannot be directly computed; and 
 g(X) =  a function that can be computed for any realization of X and 

is used to estimate t(FX).

The bootstrap estimator of the bias is defined as

B E g X t FF F XX X

ˆ, * ˆ
ˆθ θ( ) = ( ) − ( ) 

where F̂X is the empirical function of X, constructed on the original 
observations sample, and X* is the corresponding bootstrap random 
variable, that is, X* is a random variable with distribution F̂X. 
In many practical cases EF̂X[g(X*)] is approximated by Monte Carlo 
simulations:

ˆ* * *θ θ= ( ) = ( )
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where i is the bootstrap sample index and g(Xi*) is the estimator g 
applied on the ith bootstrap sample, X*i.

The bootstrap estimator of the bias based on the m replications 
is then

ˆ* ˆ* ˆB t Fm X= − ( )θ

In the present context, t(FX) represents the LL or some parameter 
estimator, and the sample is the population. The idea is therefore to 
resample over the population to derive properties of the solution to 
the maximum LL problem (Equation 3).

NuMericaL experiMeNts

The procedure described in the previous section was applied to 
synthetic and real data, fixing m to 200.

case study 1. simulated data experiment

In all simulated cases, individuals are assumed to face five alter-
natives. The utilities are linear and include five explanatory vari-
ables drawn from normal distributions N(0.5, 1.0) and five generic 
coefficients. Assumptions are made on coefficient distributional 
forms; they are all random and normally distributed with mean 0.5 
and standard deviation 1.0. Cross-sectional and panel data sets are 
generated; the latter contains 10 repeated observations for each 
individual. A population of 1,000 individuals was generated for 
cross-sectional data, and 400 for panel data; 1,021 and 2,053 draws 
were used per individual in the cross-sectional and panel situations, 
respectively.

Results for cross-sectional and panel data are reported in Tables 1  
and 2, respectively, where “MC” stands for Monte Carlo, “SD” for 
standard deviation, and “m” for mean. The abbreviation “nc” means 
no correction and “wc” means with correction, given that the simu-
lation bias correction was applied during the estimation process 
following the procedure described in Bastin and Cirillo (8). The 
standard deviations are enclosed in brackets next to the estimators. 
The tables show that the standard deviations obtained with bootstrap 
or derived from the information matrix are consistent, whatever the 
sampling approach used for the simulation. The variance is therefore 
produced mainly by the population sampling, not the simulation  
approximation, and consequently the use of quasi–Monte Carlo can 
only marginally improve the results. The bias on the LL comes mainly 
from the optimization bias because the difference between the LLs 
obtained with and without simulation bias correction is significantly 
smaller when compared with the bootstrap bias. There is no real 
improvement when lattice is used for cross-sectional data, whereas 
the bias on the LL is slightly reduced for panel data. This reduction, 
however, does not reflect in the parameters, which are within the 
same confidence interval in view of the estimated standard deviations. 
Such observations are in line with Munger et al. (4).

case study 2. random coefficient experiment

For the real case study behavioral data collected in April 2008  
on airport ground access with automated vehicle technology (called 
cybercars) are considered (11). The respondents were intercepted in 
the waiting area of the airport, and the responses were recorded 
during a face-to-face interview. The final sample contains information 
from 274 respondents. Revealed preference (RP) data and stated 
preferences (SP) information were collected. The SP experiment 
includes two parts: a between-mode experiment (SP Game 1) and 
a within-mode experiment (SP Game 2). In this paper the only data 
used are from SP Game 2, which proposes two cybercar services 
for which the respondents are called to express their preferences. 
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Each respondent was presented with nine scenarios, giving a total of 
2,466 observations. Attribute levels are based on respondents’ real 
trips to the airport as reported in the RP questionnaire. The attributes 
and their levels are described in Table 3.

A number of parametric and nonparametric models for the  
distributions were estimated and compared. Two specifications 
were retained. The first model assumes one constant factor associ-
ated with each possible level of waiting time, except the level 5 min, 
taken as reference. The cost factor follows a lognormal distribution, 
and the remaining service-level factors are normally distributed, 
with moreover one factor for automated maneuvering system attri-
bute and one factor for human driver maneuvering system attribute 
(using intelligent transportation system or not). The second specifi-
cation retains the same coefficients, which are now all assumed to 
follow a nonparametric B-spline distribution. The nonparametric 
model provided the best goodness of fit among all the formulations 
tested. In both cases 1,021 draws per individual were used.

Results from the parametric model are reported in Table 4; 
from the estimated distribution it was calculated that 87.2% of 
the population was in favor of a service that drops passengers at 

the terminal. It was found that 58.0% of the population disliked a 
fully automated cybernetic system, and 59.1% of the population 
liked a service operated by a professional driver. For the guided-
way preference, 53.9% of the population disliked the guided-way 
system for the cyber transportation system, preferring instead a 
system on normal arterials with separated lanes. Table 5 summarizes 
experiments performed by using B-spline instead of the usual para-
metric distributions. In this case a large portion of the population 
was found to be indifferent to both automated and human-driven 
cybertransportation systems. About 20% of the population liked the 
automated system, and 20% were in favor of a human-driven car. 
Guided-way systems were strongly disliked by about 17% of the 
population, a bit more than 20% liked it, and the rest showed a 
coefficient close to zero.

In regard to the willingness to pay (WTP), the values for the 
nonparametric formulation are reported, and values obtained with 
the parametric distribution are enclosed in parentheses. Respondents 
will pay about $5.50 (4.06) for being dropped off by the cybercar at 
the terminal area and about $0.30 (2.84) to have a driver onboard. 
The WTP not to have the cybercar operated on the guided way is 

TABLE 1  Simulated Cross-Section Data Results

LL Estimate Bootstrap Mean Bootstrap Bias

Parameter MC_nc MC_wc Lattice MC_nc MC_wc Lattice MC_nc MC_wc Lattice

X1 (m) 0.539 (0.09) 0.544 (0.10) 0.547 (0.10) 0.555 (0.12) 0.564 (0.12) 0.564 (0.12) 0.016 0.020 0.016
X1 (SD) 0.809 (0.22) 0.825 (0.23) 0.841 (0.22) 0.823 (0.23) 0.845 (0.24) 0.844 (0.24) 0.014 0.020 0.003

X2 (m) 0.423 (0.08) 0.426 (0.08) 0.433 (0.09) 0.440 (0.10) 0.447 (0.10) 0.446 (0.10) 0.017 0.020 0.013
X2 (SD) 0.805 (0.22) 0.815 (0.22) 0.832 (0.22) 0.814 (0.25) 0.836 (0.25) 0.834 (0.25) 0.009 0.021 0.002

X3 (m) 0.379 (0.09) 0.384 (0.09) 0.384 (0.09) 0.373 (0.09) 0.380 (0.09) 0.379 (0.09) −0.006 −0.004 −0.004
X3 (SD) 1.171 (0.23) 1.187 (0.23) 1.187 (0.24) 1.170 (0.26) 1.194 (0.27) 1.193 (0.26) −0.001 0.006 0.006

X4 (m) 0.446 (0.09) 0.450 (0.09) 0.457 (0.09) 0.453 (0.10) 0.460 (0.10) 0.460 (0.10) 0.007 0.010 0.003
X4 (SD) 0.951 (0.21) 0.973 (0.21) 0.988 (0.21) 0.952 (0.23) 0.975 (0.24) 0.976 (0.24) 0.001 0.003 −0.012

X5 (m) 0.492 (0.09) 0.496 (0.09) 0.502 (0.09) 0.492 (0.10) 0.500 (0.10) 0.499 (0.10) 0.000 0.003 −0.004
X5 (SD) 0.959 (0.22) 0.975 (0.22) 0.986 (0.23) 0.976 (0.26) 1.000 (0.26) 0.997 (0.26) 0.017 0.025 0.011

LL −1.456 −1.455 −1.456 −1.444 (0.104) −1.443 (0.104) −1.443 (0.104) 0.012 0.012 0.013

Note: SD = standard deviation; MC_nc = Monte Carlo estimate with no correction; MC_wc = Monte Carlo estimate with correction.

TABLE 2  Simulated Panel Data Results

LL Estimate Bootstrap Mean Bootstrap Bias

Parameter MC_nc MC_wc Lattice MC_nc MC_wc Lattice MC_nc MC_wc Lattice

X1 (m) 0.530 (0.06) 0.536 (0.07) 0.457 (0.05) 0.534 (0.07) 0.539 (0.07) 0.480 (0.07) 0.003 0.002 0.023
X1 (SD) 1.004 (0.06) 1.041 (0.06) 0.876 (0.05) 0.988 (0.09) 1.000 (0.09) 0.902 (0.09) −0.016 −0.040 0.026

X2 (m) 0.507 (0.06) 0.523 (0.06) 0.467 (0.06) 0.508 (0.07) 0.515 (0.07) 0.432 (0.07) 0.001 −0.007 −0.034
X2 (SD) 1.003 (0.06) 1.008 (0.06) 0.870 (0.05) 0.991 (0.09) 1.001 (0.09) 0.839 (0.08) −0.012 −0.007 −0.030

X3 (m) 0.534 (0.07) 0.532 (0.07) 0.481 (0.05) 0.511 (0.07) 0.520 (0.07) 0.471 (0.07) −0.022 −0.012 −0.011
X3 (SD) 0.924 (0.06) 0.936 (0.06) 0.828 (0.06) 0.930 (0.08) 0.938 (0.09) 0.831 (0.08) 0.006 0.002 0.003

X4 (m) 0.593 (0.06) 0.600 (0.06) 0.514 (0.05) 0.575 (0.07) 0.584 (0.07) 0.513 (0.07) −0.017 −0.017 −0.001
X4 (SD) 0.907 (0.06) 0.921 (0.06) 0.737 (0.04) 0.917 (0.09) 0.928 (0.09) 0.764 (0.08) 0.010 0.006 0.028

X5 (m) 0.503 (0.06) 0.510 (0.07) 0.502 (0.05) 0.508 (0.07) 0.517 (0.07) 0.476 (0.08) 0.006 0.007 −0.026
X5 (SD) 0.977 (0.06) 0.986 (0.06) 0.863 (0.04) 0.965 (0.09) 0.978 (0.09) 0.897 (0.07) −0.012 −0.009 0.034

LL −11.769 −11.749 −12.021 −11.716 (0.84) −11.697 (0.84) −11.981 (0.86) 0.054 0.052 0.040
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ware estimated the simulation bias to be −0.006 before correction. 
Again, the optimization bias is seen to dominate the simulation bias 
greatly. Moreover, the standard deviation associated with the simu-
lation is estimated to be about 0.006, a value much smaller than the 
bootstrap estimate of 0.45. It is therefore not useful to increase the 
number of Monte Carlo draws, because the estimation error resides 
mainly in the population size.

coNcLusioNs

In this paper a numerical study of the properties of approximate 
estimators has been presented. Simulation bias and optimization 
bias have been derived, the latter often being neglected in existing 
theoretical and numerical studies. The use of bootstrap techniques 
has also been proposed for bias and variance evaluation, for the final 
LL value, but also for parameter estimates. The empirical results 
provide a number of useful insights into the numerical properties 
of simulated-based estimators. First, bootstrap has been found to 
be able to recover optimization bias. Second, the optimization bias 
seems to prevail on the simulation bias; therefore, correcting the 
simulation bias only, as is often suggested in the literature, does not 
eliminate the bias in this type of problem.

For an increasing population size, the simulation variance decreases, 
as well as the variance due to the population sampling (1, 12). There-
fore, optimization bias can be reduced by increasing the population 
size, which is usually costly, however. When working with real data 
from a large population, analysts tend to be conservative with the 
number of draws used for simulation, as more draws imply a higher 
computational cost. This analysis might result in significant simulation 
bias, so the number of draws used by individuals should be increased, 
rather then decreased, or even kept constant. The tests also suggest that 
for an appropriate number of draws the estimators are not affected too 
much by simulation bias and that optimization bias is in practice the 
major source of errors.

There is also no clear advantage for randomized quasi–Monte Carlo 
over Monte Carlo, especially when panel data are treated. At this 

TABLE 3  Variables and Their Admissible Levels for SP Game 2

Variable Levels of Variation

Waiting time 5, 10, 15, 20 (min)

Travel cost 70% of taxi, 85% of taxi, same as taxi

Dropping area Terminal building, parking lot

Maneuvering  
  system

Fully automated, human driver with ITS, human driver 

Track structure Guideway, grade with rubber tire

TABLE 4  Random Coefficient Experiment Results from Parametric Models

LL Estimate Bootstrap Mean Bootstrap Bias

Parameter MC_nc MC_wc Lattice MC_nc MC_wc Lattice MC_nc MC_wc Lattice

Wait time 10 min −0.619 (0.13) −0.630 (0.11) −0.615 (0.13) −0.614 (0.14) −0.618 (0.15) −0.618 (0.14) −0.004 −0.012 −0.003
Wait time 15 min −1.010 (0.18) −1.022 (0.14) −1.017 (0.18) −1.019 (0.20) −1.025 (0.20) −1.025 (0.20) −0.009 −0.003 −0.007
Wait time 20 min −1.732 (0.20) −1.754 (0.16) −1.740 (0.20) −1.744 (0.27) −1.756 (0.27) −1.753 (0.27) −0.011 −0.002 −0.013

Cost (m) −1.993 (0.18) −1.980 (0.08) −1.997 (0.16) −2.008 (0.22) −1.997 (0.22) −1.999 (0.22) −0.015 −0.017 −0.002
Cost (SD) 1.797 (0.24) 1.800 (0.20) 1.807 (0.20) 1.815 (0.23) 1.812 (0.23) 1.810 (0.23) 0.018 0.011 0.004

Pass drop (m) 1.680 (0.20) 1.702 (0.15) 1.708 (0.19) 1.719 (0.24) 1.734 (0.23) 1.728 (0.24) 0.040 0.032 0.020
Pass drop (SD) 1.589 (0.22) 1.612 (0.10) 1.607 (0.20) 1.563 (0.25) 1.579 (0.25) 1.575 (0.25) −0.026 −0.033 −0.032

Auto cyb (m) −0.226 (0.14) −0.230 (0.07) −0.227 (0.14) −0.213 (0.14) −0.218 (0.14) −0.216 (0.14) 0.013 0.012 0.012
Auto cyb (SD) 1.200 (0.25) 1.226 (0.10) 1.176 (0.24) 1.175 (0.25) 1.195 (0.26) 1.190 (0.25) −0.026 −0.032 0.014

Human cyb (m) 0.129 (0.13) 0.130 (0.08) 0.139 (0.13) 0.155 (0.11) 0.157 (0.11) 0.155 (0.11) 0.026 0.027 0.017
Human cyb (SD) 0.721 (0.20) 0.731 (0.17) 0.744 (0.22) 0.652 (0.25) 0.654 (0.26) 0.659 (0.24) −0.070 −0.076 −0.086

Guided way (m) −0.099 (0.13) −0.099 (0.13) −0.095 (0.13) −0.133 (0.10) −0.134 (0.10) −0.133 (0.10) −0.033 −0.032 −0.037
Guided way (SD) 1.029 (0.20) 1.050 (0.10) 1.051 (0.19) 1.035 (0.23) 1.050 (0.23) 1.046 (0.23) 0.007 0.023 −0.005

LL −4.418 −4.414 −4.409 −4.368 (0.33) −4.366 (0.33) −4.367 (0.33) 0.050 0.048 0.042

Note: Pass drop = service drops passengers at terminal; auto cyb = fully automated cybernetic system; human cyb = cybernetic system operated by professional driver.

very close to zero (4.08), whereas the WTP not to have the cybercar 
operated fully automated is about $1.20 (4.3).

With respect to the bias estimation, it is close to zero; there is 
practically no difference in the optimal LL when this bias is corrected. 
In fact, the software used (AMLET) reports a bias of −0.004. This 
bias can be neglected with respect to the optimization bias. This bias 
also explains partly why the lattice again does not deliver significant 
improvement for the estimated parameters (whereas a slight reduction 
on the bias is observed over the LL). The standard deviations are quite 
consistent between the different approaches; the use of simulation bias 
correction here seems to produce slightly underestimated standard 
deviations.

For the nonparametric formulation, 100 bootstrap replications 
were performed, with Monte Carlo draws and simulation bias cor-
rection. In such a situation, the standard asymptotic results are no 
longer valid because of the constraints put on the spline coefficients. 
Consequently, the estimation software cannot be expected to pro-
duce valid standard deviations, and indeed an important discrepancy 
was observed with the bootstrap results. Bootstrap estimates follow 
the logic of monotone splines (as mean estimators for a given spline 
are increasing) and exhibit results that are less precise at the tails of 
the distributions. This result is not surprising because the tails are 
more difficult to capture because of scarcer information in the data. 
The bootstrap bias on the LL is estimated to be equal to 0.1; the soft-
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stage, however, a practical rule cannot be devised to relate the num-
ber of draws with respect to the population size; such a rule should 
be model-dependent because the variance changes between models.
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TABLE 5  Random Coefficient Experiment Results for Splines

Parameter LL Estimatea Bootstrap Meana Bootstrap Bias

Wait time 10 min −0.670 (0.39) −0.685 (0.16) −0.016
Wait time 15 min −1.184 (0.61) −1.191 (0.26) −0.007
Wait time 20 min −1.931 (0.95) −1.968 (0.36) −0.037

Cost (S1) −1.873 (1.23) −2.024 (2.41) −0.151
Cost (S2) −1.873 (0.54) −1.264 (0.51) 0.610
Cost (S3) −0.365 (0.37) −0.853 (0.37) −0.487
Cost (S4) −0.326 (0.05) −0.210 (0.15) 0.117
Cost (S5) −0.044 (0.11) −0.067 (0.03) −0.023
Cost (S6) −0.044 (0.15) −0.050 (0.02) −0.006
Cost (S7) −0.044 (0.21) −0.042 (0.02) 0.002
Cost (S8) 0.195 (0.34) 0.196 (0.12) −0.006

Pass drop (S1) −1.059 (1.35) −1.248 (0.99) −0.189
Pass drop (S2) −1.059 (0.81) −0.385 (0.60) 0.673
Pass drop (S3) 0.575 (0.68) 0.506 (0.71) −0.069
Pass drop (S4) 1.603 (0.62) 1.331 (0.62) −0.272
Pass drop (S5) 1.603 (0.23) 2.102 (0.93) 0.499
Pass drop (S6) 2.476 (0.76) 3.213 (1.41) 0.737
Pass drop (S7) 9.678 (0.14) 5.860 (3.85) −3.820
Pass drop (S8) 9.688 (20.47) 19.011 (12.20) 9.320

Auto cyb (S1) −1.655 (19.12) −6.013 (5.90) −4.360
Auto cyb (S2) −1.655 (22.31) −0.839 (1.00) 0.082
Auto cyb (S3) −1.655 (13.56) −0.395 (0.44) 1.260
Auto cyb (S4) 0.106 (5.67) −0.248 (0.32) −0.350
Auto cyb (S5) 0.106 (6.00) −0.172 (0.28) −0.277
Auto cyb (S6) 0.106 (9.62) 0.067 (0.37) −0.172
Auto cyb (S7) 0.106 (3.90) 0.251 (0.90) 0.145
Auto cyb (S8) 7.059 (9.68) 9.307 (4.23) 2.248

Human cyb (S1) −0.542 (3.91) −0.611 (0.80) −0.069
Human cyb (S2) −0.542 (12.87) −0.238 (0.41) 0.303
Human cyb (S3) −0.542 (16.18) −0.170 (0.41) 0.372
Human cyb (S4) 0.179 (14.22) 0.020 (0.29) −0.159
Human cyb (S5) 0.179 (8.47) 0.194 (0.33) 0.014
Human cyb (S6) 0.179 (6.38) 0.263 (0.40) 0.083
Human cyb (S7) 1.629 (7.14) 0.582 (0.68) −1.047
Human cyb (S8) 1.629 (8.00) 2.531 (3.39) 0.900

Guided way (S1) −7.523 (12.54) −7.382 (4.31) 0.142
Guided way (S2) −0.157 (7.47) −0.293 (0.32) −0.137
Guided way (S3) −0.157 (6.14) −0.260 (0.24) −0.104
Guided way (S4) −0.157 (7.14) −0.247 (0.23) −0.091
Guided way (S5) −0.157 (4.48) −0.188 (0.26) −0.032
Guided way (S6) −0.157 (6.36) −0.266 (0.69) 0.422
Guided way (S7) 1.936 (8.55) 1.847 (1.19) −0.089
Guided way (S8) 3.600 (8.25) 3.318 (1.71) −0.282

LL: −4.366 −4.265 (0.45) 0.100

Note: S1, S2, S3, S4, S5, S6, S7, and S8 = the 8 parameters needed to fit one 
B-spline.
aNumbers in parentheses correspond to estimated standard deviation.


